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Abstract 

The structure of supersymmetry is analyzed systematically in VT symmetric quantum me- 
chanical theories. We give a detailed description of supersymmetric systems associated with one 
dimensional VT symmetric quantum mechanical theories. We show that there is a richer struc- 
ture present in these theories compared to the conventional theories associated with Hermitian 
Hamiltonians. We bring out various properties associated with these supersymmetric systems and 
generalize such quantum mechanical theories to higher dimensions as well as to the case of one 
dimensional shape invariant potentials. 
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VT (combined parity and time reflection) symmetric theories provide an interestingclass 
of tlieories described by non-Hermitian Hamiltonians wliicli possess real eigenvalues jl|,l^ . In 
tlie past several years various aspects of such theories have been investigated in detail. One 
such interesting topic that has been explored to some extent is how to incorporate super- 
symmetry into one dimensional VT symmetric quantum mechanical theories j^. However, 
there is yet to be a systematic discussion of this with an analysis of the structure of su- 
persymmetry as well as a generalization of this to quantum mechanical theories in higher 
dimensions. This is the purpose of this letter. 

Let us recall that in one dimension, the basic transformation under VT is given by 



p VTpVT = p, ix VT{ix)VT = ix. (1) 

Therefore, a general one dimensional VT symmetric quantum mechanical theory is described 
by a Hamiltonian of the form 

H = H{p,ix) = H^^{p,ix). (2) 

In particular, we are interested in Hamiltonians of the standard form (we consider only such 
Hamiltonians in this paper) 

H=l{p' + V{^x)) , (3) 

where the potential is VT symmetric, but in general may not be Hermitian. As a result, 
the VT symmetric Hamiltonian ([3D is in general not Hermitian. However, given a VT 
symmetric potential V{ix), there are three other Hamiltonians that one can associate with 
the VT symmetric Hamiltonian of ([3]), namely, 

H^{p,ix) = ^{p^ + V{-ix)) =VH{p,ix)V = TH{p,ix)T, 
Hi{p,ix) = ^(^p^ + ^{V{ix) + V{-ix)) 

H2{p,ix) = l(p'+ '^(Viix) - V{-ix))^ . (4) 

Here H'' and Hi are VT symmetric, but H2 is not (because of the factor "i" in front of the 
potential). (In this paper, for simplicity we use a "dagger" to denote the formal adjoint of an 
operator in the Dirac sense. Since we do not use any hermiticity property, the Hamiltonian 
in (jl]) can equivalently be labelled as say, H^, to signify that it is distinct from H and 
corresponds to its parity transform.) On the other hand. Hi and H2 are Hermitian while H 



and H"^ are not in general. We note that H and share the same eigenvalues and that Hi is, 
in fact, invariant under V and T individually. When V{ix) is in addition Hermitian, H, W 
and Hi coincide and are VT symmetric as well as Hermitian while H2 becomes the trivial 
Hamiltonian for the free particle which is both Hermitian and VT symmetric. Since we are 
interested in only VT symmetric theories, we will disregard H2 from now on. Nonetheless, 
it is worth recognizing that a given VT symmetric potential leads to three distinct (but 
related) VT symmetric Hamiltonians. 

It is well known that in one dimension, a Hermitian quantum mechanical Hamiltonian 
with a bounded potential (from below) factorizes (up to a finite additive constant) as jj] 

h = h^ = a^a, a = {p - iW{x)) , (5) 
v2 

where the factors (and the superpotential W{x)) may be obtained from a knowledge of the 

ground state of the system. As an example, we note that the Hamiltonian for the harmonic 

oscillator (with an additive constant) factorizes as 

1 1 
/i = - (p^ + — 1) = -{p + ix){p — ix). (6) 

However, in the case of a general VT symmetric system, the Hamiltonian is not Hermitian. 
As a result, in one dimension a general VT symmetric Hamiltonian (with a finite additive 
constant) can at the best be factorized as 

H = H^^ = A^B ^ H\ (7) 

where each of the factors A and B can be either VT symmetric or anti-symmetric. (This is 
already evident in the factorization in ([6]) and we note that if we consider factors that are 
linear in p as in ([5]), each of the factors must be VT symetric.) In general, A and B need 
not be related. However, if the VT symmetric theory is, in addition, also Hermitian, then 
we have B = A. As an example, we note that a non-Hermitian VT symmetric theory with 
a quartic term in the potential |5| factorizes as 

H = ^{p'-x^- 2ix) = \{p+ {p - (ixf) , (8) 

where each of the factors is VT symmetric, but otherwise they are independent. 

These examples suggest that, in general, for a VT symmetric theory we can define a VT 
symmetric superpotential of the form 

W = W{ix), W\ix) = W{-ix) =VW{ix)V = TW{ix)T, (9) 



and identify 

A=l={p+w\ix)) = ^ip + W{-ix)), B = ^ip-Wiix)), (10) 

so that the factorization in ([7]) can also be written as 

H = A^B = ^{p + W{ix)){p-W{ix)) . (11) 

Therefore, for a general VT symmetric Hamiltonian of the form in (j3]) (with an additive con- 
stant), the potential V{ix) is related to the superpotential W{ix) through the VT symmetric 
Riccati relation 

V{ix) = -W^{ix) + = -W\ix) - W'{ix), (12) 

where a "prime" denotes taking derivative with respect to the argument ix of the superpo- 
tential. We also note here that the operators A and B are parity conjugates of each other 
(up to a sign) in the sense that 

A = -VBV, A^ = -VB^V. (13) 

It is worth emphasizing here that if a VT symmetric Hamiltonian is related to a Hermitian 
Hamiltonian through a similarity transformation 

m 

H = ShS-\ (14) 
and if the Hermitian Hamiltonian factorizes as 

h = a^a, (15) 

then, we can identify 

B = SaS-\ A = {S^y^aSl (16) 

In this case, if the similarity transformation S (or S^^) does not take a state out of the Hilbert 
space, then the Hamiltonian for the VT symmetric theory would share the same spectrum 
with the Hermitian Hamiltonian as well as inherit various of its nice features. (One particular 
feature that would not be inherited is the fact that the eigenstates of the VT symmetric 
Hamiltonian would not be orthonormal, with respect to the standard (Dirac) inner product, 
even though orthonormality holds for the eigenstates of the Hermitian Hamiltonian. As 



a result, the inner product for the VT symmetric theory needs to be redefined carefully 
On the other hand, if the similarity transformation S (or S ^) takes a state out of 
the Hilbert space, then the nice features of the Hermitian Hamiltonian would not, in general, 
be shared by the VT symmetric Hamiltonian. 

Given a VT symmetric Hamiltonian described by a superpotential W{ix), supersymmet- 
ric systems can be defined in a natural way [tI. We note here that in the case of a Hermitian 
Hamiltonian, a superpotential leads only to a pair of supersymmetric Hamiltonians (unless 
the potential is also shape invariant 8j). As we will show now, the structure of supersymme- 
try is much richer in the case of VT symmetric theories. Let us define the supersymmetric 
charges 

Q = Aij, Q = Bij, Q^ = A^^^, Q^ = B^\ (17) 
where A, B are defined in ffTOl) and the fermionic variables ip, tp'^ satisfy the Clifford algebra 

[^,^t]^ = l, ^2^0 = (^t)2. (18) 
A particularly convenient realization for the fermionic variables is given by the Pauli matrices 

= <7- = ^(CTI - ZCr2), -0"^ = 0-+ = i(0-i + Z(J2). (19) 

It is clear that by virtue of the Grassmann nilpotency properties of (fTSl) . the supersymmetric 
charges are nilpotent, namely, 

Q2 = o = Q', (Q^)' = = (Qt)2, (20) 

as they are expected to be. It is also straightforward to check now that the closed super- 
symmetry algebra 

g2 = o = (Qt)2, [Q\Q]^ = H,,s.. (21) 

leads to the supersymmetric Hamiltonian (we do not need to write explicitly that Q and Q'^ 
commute with ifsusY which follows from the nilpotency of the supercharges) 



^SUSY = 1 = , (22) 





where we have identified H with the Hamiltonian H in 

We note that i^susY is invariant under supersymmetry transformations generated by Q 
and Q'^ (which follows from the nilpotency of the supercharges) and H_ and iJ+ denote 



supersymmetric partner Hamiltonians corresponding to our original Hamiltonian in ([3]). It 
is easily seen that they are almost isospectral. Namely, if \il)n) denotes an eigenstate of if_ 
with nonvanishing eigenvalue, 

//_|V„) = AtE|Vn) = A„|V„), (23) 

then, Blipn) denotes the eigenstate of with the same eigenvalue, 

(5|V^)) = BA^B\i,r,) = = An {B\^n)) . (24) 

The pairing does not hold only for the state with zero energy value which is determined 
from 

i?|V'o)=0, or, At|^o) = 0. (25) 

Consideration of the first relation in fl25|) . for example, leads to the equation satisfied by the 
wave function of the zero eigenvalue state of the form 

-i^ + W{ix)\^o{x) = (26) 
ax J 

whose solution can be written as 

Thus, the existence of such a normalizable state does not impose any condition on the real 
part of the superpotential. However, the imaginary part of the superpotential must be an 
odd function of x (with appropriate sign for damping). 

It is worth recalling some of the properties of supersymmetric quantum mechanics in 
systems described by conventional Hermitian Hamiltonians. In such a case, the analog of 
the supersymmetry algebra (l20l) is given by 

Q' = = (Qt)2, [g,gt]^ = //3^3,, (28) 

and the supersymmetric Hamiltonian is easily seen to be a positive semi-definite operator. 
Consequently, all the energy levels in such a case are known to be positive semi-definite 
with the ground state corresponding to zero energy eigenvalue. (We recall here that it is 
this feature that makes it quite difficult to break supersymmetry in conventional Hermitian 
supersymmetric theories.) On the other hand, the supersymmetry algebra for a VT sym- 
metric theory given in (|2T|) involves two distinct supersymmetric charges (the supercharges 




are not Hermitian conjugate of each other and the Hamiltonian is not a sum of positive 
semi-definite operators as in standard supersymmetry) and, therefore, the energy eigenval- 
ues in such not positive semi-definite in general (they can become negative). This 
can already be seen explicitly in the negative energy eigenvalues obtained in some of the 
models constructed in 3(]. However, if -ffsusY for a VT symmetric system is related to that 
of a Hermitian system through a similarity transformation that does not take states out of 
the Hilbert space, the energy eigenvalues for such a system will be positive semi-definite. 

Since there are two supersymmetric charges in a VT symmetric theory, we can construct 
a second supersymmetric Hamiltonian from the supersymmetry algebra 

g2 = = (Q^)^ [Q,Qt]^ = i7L„ (29) 

and it is straightforward to work out explicitly the form of the Hamiltonian 

^- . 

(30) 

We recognize this to be the Hermitian conjugate of the Hamiltonian in ( l22l) and we note 
that and H\ are superpartner Hamiltonians corresponding to the supersymmetrization 
of i/^ in (jlj). As before, we note that i/l and H\ are almost isospectral. In fact, being 
Hermitian conjugates of each other, ifsusY and i^lusY are isospectral. Namely, both if_ and 
ijl have exactly the same spectrum (including zero modes if any) just as if+ and i/]. do. 
In fact, it is easy to check that if |^) denotes an eigenstate of namely, 

H_\^) = A^B\^) = \\^). (31) 

then, using ( fT3l) we obtain 

i/t(p|^)) = E^AV\i)) = VA^B\^) = X(V\^)). (32) 

Similarly, the eigenstates of i/+ and i/^ are related by the parity operator V. (It is worth 
emphasizing here that V does not take a state out of the Hilbert space.) 

It would seem natural that the Hermitian Hamiltonian Hi in (|4]) can also be supersym- 
metrized using the relation 

^[4Q^]+ + ^[Q,Q1+ = ^isusy, (33) 
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with the supersymmetric Hamiltonian of the form 

2 \^ AB^ + BA^ J y Hi^ 

However, the supersymmetry of the system is not easy to see in this basis. The reason for 
this is quite simple. As we have noted earher, the Hamiltonian Hi is invariant under V and 
T independently and the supercharges should reflect this as well. Therefore, let us define 
the supercharges 

Q = Aa. = ^{p- W{tx)) a., = A^a+ = ^{p- W{-tx)) a+, (35) 



where W{—ix) = —W{ix) is related to the superpotential W{ix) through the relation 

(36) 



.dW{ix) —2,.. 1 

I — - - W iix) = - 

dx ^ ' 2 



■ ^ ^ ^ ^ — - - {W^{ix) + W^{-ix)) 



dx 

It is clear that each of the factors A and in ( 135|) changes sign (anti-symmetric) under V 
and T independently and is VT symmetric. We can now define the supersymmetry algebra 

g' = = (QV, [Q,q\ = Hisvsy, (37) 
with the explicit form for the supersymmetric Hamiltonian 

(Hi_ o\ [a^A o\ 
\ ifi+y \ AA^j 

The isospectrality of the supersymmetric partner Hamiltonians is now obvious and the en- 
ergy eigenvalues in this case would be positive semi-definite. 

It is worth pointing out that the same superpotential W{ix) (and the supercharges Q, Q) 
allow us to construct other supersymmetric Hamiltonians as well. For example, the super- 
algebra 

Q2 = o = (gt)2, [Q,gt]^ = i7,,us„ (39) 

leads to the supersymmetric Hamiltonian of the form 

(b^b q\ (Hs_ q\ 

^BSUSY= , = . (40) 

\Q BB^j \ Q H^+J 
Similarly, the supersymmetry algebra 

g2 = = (gt)2^ [g, gt]^ = H^^^sY, (41) 



where the supersymmetric Hamiltonian has the form 

(a^a \ . , 

i^ASUSY = 1 = . (42) 





Both Hb SUSY and H^sjjQY are Hermitian and, therefore, would have positive semi-definite 
energy eigenvalues. Furthermore, we note from (1131) that 

Hasvsy = 'PHbsvsy'P, (43) 

so that it is sufficient to study the structure of only one of the Hamiltonians, for example 
Hb SUSY in poll . Using the definition of B in (ITOl) we can show that 

Hb- = B^B = ^{{p-ReW{ix)f + {lmW{ix)f -ilmW\ix)) , 

Hb+ = BB^ = ^{{p-ReW{ix)f + {lmW{ix)f + ilmW'{ix)) . (44) 

It is clear now that these Hamiltonians behave like a particle coupled to an external Abelian 
gauge field with the real part of the superpotential behaving like the gauge potential j^. 
Thus, we see that in the case of VT symmetric theories, there is a rich structure of supersym- 
metric systems - the same superpotential W{ix) leads to a larger number of supersymmetric 
Hamiltonians than in the conventional case of a Hermitian Hamiltonian. 

In going to higher dimensional VT symmetric quantum mechanical theories with super- 
symmetry, we note that in two dimensions, parity can only be defined as refiecting 

X —X. or, y -—>■ — y, (45) 

but not both. (It is worth recalling here the well known fact that in odd space-time di- 
mensions, refiecting all coordinates, namely, refiecting through the origin is equivalent to a 
rotation. For example, for two space dimensions, x —x, y —y is equivalent to a rotation 
around the z axis by an angle tc. In such discrete parity transformation represent- 

ing a disconnected Lorentz transformation with determinant —1 can be defined by refiecting 
only one of the coordinates.) As a result, if we want a theory with rotational invariance, the 
VT symmetric Hamiltonian would coincide with conventional Hermitian theories and the 
discussion of supersymmetric theories does not lead to anything new. The Landau problem 
would be an example of a supersymmetric two dimensional VT symmetric theory. In going 
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to quantum mechanical theories in three dimensions, we can introduce three superpoten- 
tials Wk{i^),k = 1,2,3, (in this case, parity reflects all space coordinates, x — x) and 
generalize the definition of the supercharges in (IT7|) as 

Q = AkiJk, Q = BkiJk, Q^ = Alijl Q^ = Blijl (46) 

where repeated indices are summed and 

Ak = ^ [pk + W^2(^x)) = {pk + W,{-t^)) , 5, = -L (p, - W,(zx)) . (47) 

A realization for the fermion variables in this case, can be given by enlarging the matrix 

-0^ = (Tfc (g) (T_, 'i/jI = ak<^a+, (48) 



space as 



which satisfy 

^,^fc = = ^>;, J, A; = 1,2, 3, (49) 

and this is essential in the definition of a higher dimensional supersymmetry algebra. 
By virtue of the nilpotency in (H9|) . it now follows that 

Q' = Q' = 0, (Qt)2 = (Qt)2 ^ 0, (50) 

and the construction of supersymmetric systems can be carried out as in the case of quan- 
tum mechanical theories in one dimension. We will discuss only one of the systems for 
completeness. For example, if we consider the supersymmetry algebra (see (pT!) ) 

Q' = = (Qt)2, [Qt,Q]+ = //susY, (51) 

the supersymmetric Hamiltonian can be explicitly calculated and in this case takes the block 
diagonal form 

_ (h o \ _ ( A\Bk I2 + leki^AlBia^ \ 

-nsusY — ~ + + ' 

\0 H+J y BkAl I2 + iekimBkA]a.mj 

where k,l,m = 1,2,3 and repeated indices are summed. Other supersymmetric systems can 
similarly be constructed. 

Supersymmetry naturally leads to the discussion of shape invariance. For example, let us 
consider the one dimensional supersymmetric system described in fl2Tl) and fl22l) and denote 

H_ = A^B = \[P^ + V-{ix)\ =\[P^ - W'{ix) - W'^iix)] , 

H+ = BA^ = ^ + V+{ix)] =l[p^ + W'{ix) - W\ix)] . (53) 
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The potential V-{ix), of course, depends on some parameters such as the couphng constant 
which we denote by writing V-{ix, ao). If it so happens that 



V-^.{ix,ao) = V-{ix,ai) + R{ai), (54) 

where oi is a given function of cq, namely, ai = /(cio) and R{ai) is a constant, then we 
say that the potential is shape invariant [sj. Namely, in such a case, the supersymmetric 
partner Hamiltonian has the potential with the same shape as the potential in the original 
Hamiltonian, with a different parameter and with possible shift (scaling). In this case, we 
note from (153|) that we can write 

H+{ao) = B{ao)A\ao) = A\ai)B{ai) + R{ai) = H_{ai) + R{ai). (55) 

As a result, we can construct a sequence of Hamiltonians, any two consecutive ones of which 
being almost isospectral, namely, 

= H+{ao) = H^ai) + R{ai), 

s— 1 s 

//W = i7+(a,_i) + ^i?(afc) = i/_(a,) + ^i?(afc), (56) 

k=l k=l 

where a<j = /'^(ao) = /(/(" " " /(^o) ■ ■ ■ )■ ^'^o consecutive Hamiltonians in this sequence 



are almost isospectral which al 
tonian i/_(ao) simply as 8l. Ill] 



ows one to determine the energy levels of the original Hamil- 



£;„ = ^i?(afc). (57) 

k=l 

If the sequence of Hamiltonians ends in a system that can be explicitly solved, then, the 
original system can also be solved. The important thing to note in the case of VT symmetric 
theories is that if V^{ix,ao) is shape invariant, so is Vl{ix,aQ) and so just like supersym- 
metric systems that we have talked about, we can also construct other shape invariant VT 
symmetric systems associated with the original system. 

The construction that we have described so far is very general and we would like to end 
this discussion with two examples. For simplicity, both these examples would involve VT 
symmetric Hamiltonians that are related to Hermitian Hamiltonians through a similarity 
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transformation (see ([HD). First, let us consider the VT symmetric Hamiltonian 

= 1 (p2 + ^2 _ 2^g^ _ (1 + g2)^ = s]^[p' + -I) S-^ = ShS-\ (58) 

where e is a real constant and the similarity transformation is given by 

S = S^ = = [S-y = e-'P. (59) 

(Note that, in this case, S does not take a state out of the Hilbert space.) Denoting by a, 
the annihilation and the creation operators for the harmonic oscillator (see ([6])), 

a = --j= {p — ix) , = --j= {p + ix) , (60) 

we determine (see ( !T6!l ) 

B = e'Pae-'P = ^ (p - ix - e) , A = e-'^ae'^ = ^ip-ix + t) . (61) 

The supersymmetric partner Hamiltonians in fl22l) . in this case, follow to be (this is a trivially 
shape invariant system) 

H = A^B = e'Pa^a e'^^, H+ = BA^ = e'^aa) e'^^ = //_ + 1. (62) 

It follows that the energy eigenvalues and (normalized) eigenstates of the superpartner 
Hamiltonians are given by 

l^n) = e^P|n) = e75('^+'^')|ri), E^_ = n, 

|^+) = y^TTle^^'Iri) = y^rTIe^^"+"^V)> ^n+ = n + l, n = 0,l,2,---, (63) 

where \n) denotes the number eigenstates of the harmonic oscillator Hamiltonian. This con- 
struction makes clear that the supersymmetric Hamiltonian for this VT symmetric system 
inherits the nice features of the supersymmetric oscillator Hamiltonian and the energy eigen- 
values are positive semi-definite. However, since the energy eigenstates in (163|1 are simply 
coherent states, they cease to be orthonormal with respect to the standard (Dirac) inner 
product (of the Hermitian theory). 

As a second example, let us consider the VT symmetric Hamiltonian 

H=-[p -{^x + e) -^-_^ + 2ao-l 

= sl(^p' + x' + ^^^^^^^ + 2ao-iy-\ (64) 
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where the similarity transformation S is given in (159|) (it is defined within the Hilbert space). 
In this case, the supersymmetric partners can be constructed as before and have the forms 
(in this case, W{ix) = ix + e — [ix+e) ) 

H.iao) = A^B = \ - (.. + ef - ^^^^ + 2a, - l) , 

H^{a,) = BA^ = \ [p' - {ix + ef - ^^^^ + 2a, + 

= \{p'- (^^ + - + 2ai - + i?(ai) = i/-(ai) + i?(ai), (65) 

Z y \%X ~r 6J J 

where we can identify 

ai = Co — 1, R{ai) = 2. (66) 

In this case, we see that the potential is shape invariant and as discussed earlier, we can 
construct a sequence of partner Hamiltonians any two consecutive ones of which are almost 
isospectral. Furthermore, if a, = n, then the nth Hamiltonian in the sequence would 
correspond to the Hamiltonian in (!58l) (up to an additive constant) whose spectrum we 
have already determined. Therefore, the spectrum of the Hamiltonian in flMl) can now be 
completely determined following our general discussion. 

To conclude, we have given a systematic description of supersymmetric systems associ- 
ated with one dimensional VT symmetric quantum mechanical theories. We have shown 
that there is a richer structure present in these theories compared to the conventional super- 
symmetric theories associated with Hermitian Hamiltonians. We have brought out various 
properties associated with these supersymmetric systems and have generalized this con- 
struction to quantum mechanical theories in higher dimensions as well as to the case of one 
dimensional shape invariant potentials. 
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